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ABSTRACT 
 
Applications of electric fields during washing of filter cakes increases the removal rate of ions from 
the cake mother liquor, and under appropriate conditions the field also increases the wash flow 
rate by electroosmosis.  Experimental data that show the key effects of the fields on the rates of 
ion mass transfer are presented: with the downstream electrode acting as a cathode, cation 
removal rates are increased whilst the removal rate of the anions is decreased.  The concentration 
profile of the cations with washing time shows an increase in concentration to a value above that of 
the mother liquor, before it decreases due to displacement by the fresh wash liquor.  A model is 
formulated that describes the advection, dispersion, ion migration and electroosmosis transport 
processes in the cake.  Numerical solution of the model gives cation concentration profiles at the 
exit of the cake that are in qualitative agreement with the experimental observations.  
Experimentally measured wash liquor flow rates tend to be lower than what traditional colloid 
science principles predict by a factor of 5 to 10: reasons for this difference, supported by 
experimental work from other researchers, are discussed.  
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INTRODUCTION 
 
Filter cake washing assisted by electrical fields is a new area of technology that has received only 
limited attention by researchers1-3.  Although only slight increases in the kinetics of washing have 
been reported2, the situation can be quite different when the removal of specific ions is measured3.  
Electro-osmotic flow of ions in porous systems under the action of an electrical field is of practical 
interest for soil stabilisation4, contaminated soil remediation5-9 the dewatering of tailings ponds10,11 
and the dewatering of sewage sludge12-18.  
 
Fundamental theory to describe the observed phenomena in the context of soil remediation is 
available19,20.  In the modelling employed in these papers it is tacitly assumed that ionic diffusion is 
entirely due to thermal processes (see for example Lyklema21).  This is valid because the granular 
aggregate typically consists of sand grains with a mean particle diameter in the order 50-100 μm.  
In the electrowashing experiments, described below, the mean diameter is an order of magnitude 
smaller.  As a consequence physical effects are important that become manifest at pore sizes that 
are of the same order of magnitude as the double layer thickness.  Similarly, in electroosmosis 
through sintered glass22 with grain sizes similar to sands. 
 
Experiments and theory in the related area of sludge dewatering by electro-osmotic means make 
use of the same concepts23.  Earlier, the same authors24 also studied electroosmosis combined 
with pressure-induced flow through a packed bed of particles of mean diameter of approximately 
10 μm.  While this value is still too large to see effects associated with the double layer and pore 
diameter being of the same order of magnitude, many physical concepts in that paper are 
pertinent, especially the recognition that a packed particle bed is intrinsically heterogeneous.  They 
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also show that the chemical composition of the particles in the packed bed remains unaltered.  
This implies that effects due to chemical reactions that could conceivably have taken place at 
certain – possibly critical – porosities, do not occur. 
 
In this paper, experiments are reported in which the mean particle size is about 0.3 μm.  The 
double layer thickness is varied by manipulating the ionic strength and effects come to the fore that 
are associated with the two length scales coming together.  First the experiments are described, as 
well as the salient experimental results.  Then the experiments are modelled, using a simple 
phenomenological, linear model that brings out the main features of the electro-washing process.  
In a subsequent section the various length scales are investigated and the key physical processes 
that take place are discussed, thus underpinning the choices of the values made for the 
phenomenological parameters.  
 
 
EXPERIMENTS: APPARATUS AND MATERIALS 
 
An automated experimental apparatus that facilitated downward constant pressure filtration and 
displacement cake washing is shown schematically in Figure 1.  The arrangement, made from 
stainless steel, comprised suspension and wash liquor feed reservoirs and a means for delivering 
compressed air to the filter at a controlled rate to maintain a constant pressure.  Liquid from 
downstream of the filter test cell (area 120 cm2) was either directed to a PC interfaced electronic 
balance or, during washing, collected in 1 of 20 sample bottles mounted on a rotary indexing table.  
A PC was used to record the mass of liquids discharged from the filter and the filtration/washing 
pressures and also to control the air pressure on the feed side of the filter cell.  Iridium coated 
titanium mesh was chosen as a reasonably inert material for both the upper and lower electrodes.  
The upper electrode was positioned such that it touched the top of the cake surface when 
formation was complete.  The lower electrode was just below the underside of the porous metal 
support on which the 0.2 μm rated Gelman Versapor filter medium rested.  In all experiments the 
electrode spacing was maintained at 13 mm to accommodate the thickness of the cake, membrane 
and support.  A DC power supply (SM 35-45) manufactured by Delta Elektronika BV was 
connected to the electrodes inside the filter cell and operated in the constant voltage mode.  The 
voltage was applied such that the anode was above the filter medium/cake. 
 
An 8.6% v/v suspension of titania (TiO2 rutile: density 4260 kg m-3, mean particle size ~0.3 μm) in a 
solution of 0.001 M or 0.01M NaNO3 was initially prepared by adding a known amount of the dry 
powder to an aqueous NaNO3 solution.  The resultant mixture was homogenised using an Ultra-
Turrax T25 homogeniser (Janke & Kunkel, IKA Labortechnik) with a 25 mm dispersing tool at 8000 
rpm for approximately 20 minutes.  The pH of all feed suspensions was adjusted to the required 
value with either nitric acid or sodium hydroxide.  A stock salt solution was made by adding NaNO3 
into deionised (DI) water supplied from a Millipore MilliRX20 water purification system; the Na+ and 
NO3

- were used as the tracer ions to track the progress of the displacement washing phase.  Zeta-
potentials for rutile were measured with a Malvern Instruments ZetaSizer and the variation of zeta-
potential with pH is shown in Figure 2.  Measurements were carried out at two different ionic 
strengths over the pH range 3.5 to 9, where the zeta-potential decreased with increasing pH.  For a 
0.001 M solution the IEP occurred at pH 5.2 whereas for 0.01 M solution a pH of 5.8 corresponded 
to the IEP. 
 
Prior to each experiment the pipework throughout the apparatus was rinsed with DI water to 
ensure that it was free of any particle/solute residue from earlier experiments.  Suspension at the 
required pH and ionic strength and DI water were added into the suspension vessel and washing 
liquid vessel respectively.  A filter cake of the required 10 mm thickness was formed in the 
conventional manner by constant pressure filtration in the absence of an electric field.  Cake 
formation was followed by a displacement washing phase using DI water either with or without the 
application of an electric field.  In a typical sequence of experiments the applied voltage was varied 
over the range 0 to 30 V.  During the course of cake washing, both the hydraulic washing pressure 
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and the voltage remained constant and up to 20 wash liquor samples were collected and 
subsequently analysed for ion concentration.  The cations were measured using atomic absorption 
spectroscopy (Varian SpectrAA-200) and the anions using liquid chromatography (Dionex 
Chromatography).  Ions initially present on the surface of the rutile particles were identified using 
X-ray photoelectron spectroscopy (XPS).  The moisture content and porosity of a filter cake were 
determined using a gravimetric analysis either before or after the washing phase depending on the 
nature of an experiment. 
 
 
EXPERIMENTAL RESULTS 
 
The experiments were designed to observe the effects of the electric field, ionic strength, pH (zeta 
potential) and electrode polarity on cake washing in terms of wash liquor flow rates and ion 
concentrations.  The data are reported as washing curves, a plot of normalised instantaneous 
solute concentration (C/C0) in the wash effluent versus wash time (t). 
 
Figures 3 and 4 show how cation (Na+) and anion (NO3

-) concentrations in the wash liquor varied 
with wash time and applied voltage.  In these experiments the filtration pressure (Δpf) and washing 
pressure (Δpw) were 400 kPa and the initial suspensions were prepared in 10-3 M NaNO3 and 
adjusted to pH 7.8.  For these conditions, the suspensions exhibited a zeta potential of -47 mV.  
During washing without an electric field, the instantaneous Na+ ion concentration in the wash liquor 
decreased in the initial period up to ~600 s and then reduced more rapidly with a tendency toward 
a limiting value.  When an electric field was applied the normalised concentration of Na+ ions 
initially increased with time and reached the maximum values of 1.02 (at 10 V), 1.18 (at 20 V) and 
1.24 (at 30 V), implying an accelerated removal of sodium ions from the cake with increasing 
electric voltage.  A mass balance on the sodium ions washed from the cake suggested that some 
removal of Na+ ions from the particle surfaces may also have occurred; additional reslurry washing 
experiments without an electric field showed that there were Na+ ions on the particle surfaces that 
were removable by washing.  In general, an electric field improved cake washing most effectively 
during the initial stages of washing and when the electric field strength was greater.  
 
At longer washing times the Na+ concentration is higher when an electric field is applied than is the 
case when there is no applied potential.  The implication from the ‘tails’ of the curves on Figure 3 is 
that there is a slow mechanism removing ions from the filter cake and that more ions are removed 
when an electric field is applied (this is reinforced when the area under the curves is calculated, 
showing more Na+ removal at higher applied voltages).   
 
Regarding the NO3

- anions, Figure 4 shows how the washing curve changed as the applied voltage 
was raised.  The number of anions removed in the wash liquid decreased with an increasing 
electric field.  When the downstream electrode is the cathode, the anions within the cake are 
subjected to an additional upward velocity.  The direction of motion of the anions opposes both the 
electro-osmotic flow and the flow induced by the hydraulic pressure gradient.  The force causing 
counter-flow of the anions becomes more dominant as the applied voltage is increased.  
 
A sequence of washing experiments with 10-2 M NaNO3 were also performed; all other conditions 
remained the same.  Results showed the same general trends as those recorded in Figures 3 and 
4.  A slightly increased maximum dimensionless Na+ concentration was noted when an electric 
field was applied (e.g. at 30 V, (C/C0)max was 1.29 compared with 1.24 for the 10-3 M case).  For a 
raised Na+ ion concentration in the wash liquor there was generally a reduction in the NO3

- ion 
concentration indicating a reduced washing performance with respect to anion removal.  
 
Wash liquor flow rates were generally higher at 10-2 M NaNO3.  The cake porosities were almost 
identical at each molar concentration, suggesting that there was an increased contribution from 
electroosmosis.  As more salt is added to the initial suspension the double layer shrinks, tending to 
reduce the zeta potential of the rutile particles (Figure 2).  At the higher ionic strength a larger 
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current and power were consumed, particularly toward the beginning of washing were the ion 
concentration was at its highest (a maximum power ~30 W was observed for ΔV = 30 V).  In the 
cases where an electric field was applied, the current decayed to a low value within a short period 
and this decay was more rapid at raised field strengths. 
 
To assess the impact of zeta potential on electrowashing, filter cakes were also formed from 
suspensions close to their IEP (10-2 M NaNO3; pH 5.2) and subsequently washed both with and 
without applied electric fields.  Due to higher filter cake porosities it was necessary to reduce both 
filtration and washing pressures to 100 kPa to facilitate the experimental measurements.  The 
results showed that both anions and cations behave in a generally similar manner to that noted for 
electrowashing at pH 7.8, although lower flow rates were recorded. 
 
The variation of cake porosity with wash time was determined by performing two series of 
otherwise identical experiments where either no field was present or a 20 V potential was applied 
between the electrodes.  Within each series, an experiment was stopped at a set time and cake 
samples taken to gravimetrically determine a porosity value corresponding to a given position on 
the wash curve.  For the case of no electric field the largest change in cake porosity was noted 
during the first few minutes of washing after which there was essentially no further change.  
However, with an applied voltage of 20 V the average cake porosity was seen to fall from an initial 
value of 0.57 to a near constant value of 0.47 after a wash time of ~1000 s.  At all times following 
the start of washing the cake porosity with no electric field exceeded that measured at an identical 
time with an applied field of 20 V. 
 
Figures 5 and 6 show the effect of increasing ionic strength in the cake mother liquor.  In these 
experiments the filtration pressure (Δpf) and washing pressure (Δpw) were 100 kPa.  The micro-
processes involved during electrowashing vary with the ionic strength due to the effect of the latter 
on the state of dispersion of the particle prior to their filtration, which reflects on the porosity (ε) of 
the cake at the start of washing.  For example, whereas at 3 M ε is 0.626 at the end of cake 
formation and during washing reduces to 0.527, at 1 M the reduction of ε is from 0.575 to 0.512.  
This lowering of porosity causes a wash liquor flow rate reduction, which may more than offset the 
wash liquor flow rate increase due to electroosmosis.  Nonetheless, the peaks in the washing 
curves are evident in lower molar concentration feeds, but disappear as the molarity is increased. 
 
 
MODELLING CONCEPTS 
 
A co-ordinate frame is chosen such that the electric field is applied in the x-direction.  Clean water 
is introduced at x = 0.  The ion concentration measurement takes place at x = L.  The modelling is 
done by assuming that there are two pools of ions: those trapped in the pores - denoted by a 
superscript (p) - and the ones that move more or less freely with either the main fluid flow or the 
electrically generated ionic current; the latter are distinguished by a superscript (f).  It is assumed 
that the ions in the (f) pool effectively move in the x-direction.  The ions of pool (p) may diffuse into 
the free flow and to do so they must acquire a motion in a direction that is normal to the x-axis.  
This motion may be highly complicated and for simplicity it is summarised here as ‘motion in the y-
direction’.  A similar concept has been developed previously to model diffusional extraction from 
hydrodynamically stagnant regions in porous media25; the concept and notation are summarised in 
Figure 7. 
 
All ions may come in any number of species.  The simplest model involves two species, positive 
and negative ones.  So, there are four ion concentrations to be considered: (1 )fC , (2 )fC , (1 )pC , (2 )pC . 
These are functions of the position x and the time t. 
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The velocities of the ions relative to the mean fluid velocity in the x-direction are: ( )1fv , ( )2fv , ( )1pv , 
( )2pv .  These velocity vectors may have two components; the species labelled (p) have a zero x-

component.  
 
It is convenient to introduce the mass flux vector for each species of ion ( )iJ .  The equations of 
continuity take the following form: 
 

(1)(1)(1 )

0
f

yx
JJC

t x a
∂∂

+ + =
∂ ∂

       (1) 

 
(2)(2)(2 )

0
f

yx
JJC

t x a
∂∂

+ + =
∂ ∂

       (2) 

 
(1)(1 )

0
p

yJC
t a

∂
− =

∂
        (3) 

 
(2)(2 )

0
p

yJC
t a

∂
− =

∂
        (4) 

 
where a is an internal length scale (of the order of magnitude of the mean radius of the particle 
forming the bed), which is introduced for dimensional reasons.  
 
Constitutive equations are now sought to characterise the physics of ionic migration.  The velocity 
in the x-direction of the freely moving ions is ruled by the strength of the x-component of the local 
electric field E, thus  
 

(1) (1) (1 )f
xJ A C E=         (5) 

 
(2) (2) (2 )f
xJ A C E=         (6) 

 
Here, the coefficients ( )A •  may be positive and negative, depending on the sign of the charge of 
the species. Its magnitude depends on the valence and process susceptibility.  More details of the 
physics that is represented in ( )A •  is given in the Discussion section.  Essentially, ( )A E•  represents 
a mean velocity and the location of the peak in the output of some of the experiments corresponds 
to the time that the ions have travelled from one end to the other end of the apparatus.  Calling this 
distance L and letting the species of ion that displays the peak be the (1)-type, then the time at 
which the peak occurs is 
 

(1)p
LT

A E
=          (7) 

 
Further constitutive refinements may be made to the transport velocity of the freely moving ions, 
especially diffusive effects should be added.  These are proportional to ( ) /fiC x∂ ∂ ; while they do not 
lead to non-linearity, such terms are most easily studied in a numerical context and in this first 
order exploration they are omitted; in the next section more details of diffusion effects are 
considered. 
 
Now a constitutive form for the y-components of the flux is considered.  A linear form is put forward 
here, suggesting that the efficacy with which ions are dislodged from the closed pores into the free-
flowing regions is related to the concentration of the various species in the vicinity.  Thus, eight 
constitutive coefficients are introduced as follows: 
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(1) (11) (1 ) (12) (2 ) (11) (1 ) (12) (2 )f f p p
yJ F C F C P C P C= + + +     (8) 

 
(2) (21) (1 ) (22) (2 ) (21) (1 ) (22) (2 )f f p p
yJ F C F C P C P C= + + +     (9) 

 
The coefficients may be positive or negative.  The character of the process is depends to a large 
extent on these coefficients.  Some preliminary observations may be made.  The coefficients (11)P  
and (22)P  are never zero: the out-flux of ions from the pores must be proportional to the available 
concentration.  Similarly, (11)F  and (22)F  are never zero: the influx of ions into the pores must be 
proportional to the available concentration in the free flowing pool.  It is also easily verified that 

(11)P  and (22)P  are both negative and that (11)F  and (22)F  are both positive.  They need not be 
exact opposites as the probability of an ion migrating into the pore is most likely not equal to the 
probability of one escaping from it.  As to the cross terms, it is likely that it is attractive for a positive 
ion to migrate from a pore into a region of plentiful negatives.  On that basis the cross terms may 
have an influence and it is expected that (12)F  and (21)F  are both negative, while (12)P  and (21)P  
are both positive.  The cross terms are small when the solutions are dilute.  The coefficients ( )P ••  
and ( )F ••  may also be influenced by any chemical reactions (i.e. adsorption and precipitation) 
taking place between the (f) ions and the granular medium.  
 
The linear forms put forward here are a first order model; especially for not so dilute systems 
nonlinear effects must be expected to play a role.  Numerical simulation could shed more light on 
higher order effects, though for a realistic simulation more constitutive parameters are needed, 
which requires a better insight in the physics of the process than is currently available. 
 
The differential equations that rule the process are obtained by inserting the constitutive equations, 
equations (8) and (9), into the equations of continuity, equations (1) to (4): 
 

(1 ) (1 ) (11) (1 ) (12) (2 ) (11) (1 ) (12) (2 )
(1) 0

f f f f p pC C F C F C P C P CA E
t x a

∂ ∂ + + +
+ + =

∂ ∂
  (10) 

 
(2 ) (2 ) (21) (1 ) (22) (2 ) (21) (1 ) (22) (2 )

(2) 0
f f f f p pC C F C F C P C P CA E

t x a
∂ ∂ + + +

+ + =
∂ ∂

 (11) 

 
(1 ) (11) (1 ) (12) (2 ) (11) (1 ) (12) (2 )

0
p f f p pC F C F C P C P C

t a
∂ + + +

− =
∂

   (12) 

 
(2 ) (21) (1 ) (22) (2 ) (21) (1 ) (22) (2 )

0
p f f p pC F C F C P C P C

t a
∂ + + +

− =
∂

   (13) 

 
These equations must be supplemented with boundary conditions and initial conditions.  The latter 
are chosen to be constant in position and the same for all species and types: 
 

(1 ) (2 ) (1 ) (2 )
0( ,0) ( ,0) ( ,0) ( ,0)f f p pC x C x C x C x C= = = =     (14) 

 
The boundary conditions are as follows 
 

(1 )(0, ) 0fC t =          (15) 
 
That is, fresh water is flushed in at one end of the apparatus.  Furthermore, the whole filter cake 
must stay neutral.  Adding the equations of continuity with the correct signs for the charges 
(assuming the same valency for all ions) gives:  
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(1) (2)(1 ) (2 ) (1 ) (2 )

0
f f p p

x xJ JC C C C
t t t t x x

∂ ∂∂ ∂ ∂ ∂
− + − + − =

∂ ∂ ∂ ∂ ∂ ∂
    (16) 

 
Integrating over the apparatus dimension L yields: 
 

( )(1 ) (2 ) (1 ) (2 ) (1) (1) (2) (2)

0

( , ) (0, ) ( , ) (0, ) 0
L

f f p p
x x x xC C C C dx J L t J t J L t J t

t
∂

− + − + − − + =
∂ ∫  (17) 

 
Making use of the fact that the total charge vanishes and inserting the boundary condition at x = 0 
results in 
 

(1) (2) (2)( , ) ( , ) (0, ) 0x x xJ L t J L t J t− + =       (18) 
 
The solution of equations (10) to (18) is obtained numerically, with the method summarised in 
Appendix A.  This approach requires the coefficients to be known and these are obtained by 
solving the problem for short times and comparing this solution with experiments.  The initial stage 
of the ion concentration in the apparatus at location x = L (the measurement point) is obtained 
using Laplace transforms: Appendix B gives the details.  The result up to second order in t is 
obtained, assuming that the cross terms (12)F , (21)P , (21)F and (12)P  are negligible: 
 

( ) ( ) ( )(11) (11) (11) (11) (11) (11)
0 0(1 ) 2

0 2( , ) ...f
C F P C F P F P

C L t C t t
a a

+ + −
= − + +  (19) 

 
The coefficient of the second term in the series in t on the right hand side is the derivative at t = 0.  
The output as a function of time increases when (11) (11) 0F P+ < .  It is recalled that (11) 0F >  and 

(11) 0P < .  Behaviour that leads to a peak is therefore obtained when the probability of ions being 
released into the free flow from the pores is greater than vice versa. 
 
In order to obtain information for the whole washing curve and not merely the short time 
approximation, numerical analysis has been used (see Appendix B).  The numerics require input 
parameters.  First an estimate for the velocity of the ions is obtained from the location of the peak.  
In Figure 8 the data for a pH value equal to 7.8 is explored.  The velocity is determined and should 
be of the form (1)

0v v A E= + .  The reason is that both the electric field and the fluid pressure 
difference give the ions a velocity.  Figure 8 shows reasonable agreement with this hypothesis.  
 
Below the physics of the velocity will be debated; for the moment the velocity is introduced as a 
phenomenological parameter.  The parameters (11)P  and (11)F  are varied to give the best 
correspondence with the experimental outcome (again at pH 7.8) and in Figure 9 the calculated 
curves are shown.  The theoretical effect that gives rise to the presence or absence of the peak is 
recovered in the numerical approach. 
 
In certain cases a curve such as C in Figure 9 displays a bending point.  The location of this point 
may be obtained from the short-time approximation and the following is found: 
 

(11) (11)bend
at

F P
=

−
        (20) 

 
Normally, the value that corresponds to this formula is in the order of hundreds of seconds (see 
Figures 3 and 5); this is another indication that the order of magnitude chosen for (11)P  and (11)F  is 
in the right order of magnitude.  This does not mean to say that (11)P  and (11)F  are constants, 
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independent of the applied electric field.  To illustrate this the washing curves for two applied 
velocities are shown at the same values for (11)P  and (11)F , Figure 10.  It is observed that the 
slower washing curve shows a higher peak, while the experiments show the opposite effect, 
implying that the coefficients depend on the applied electric field. 
 
 
DISCUSSION OF PHYSICAL CONCEPTS 
 
The pools of ions that are more or less static are assumed to be situated in regions that are slightly 
more densely packed than the average packing.  The free flow will take place in regions that are 
more loosely packed. Packing variations in granular assemblies are normal for a heterodisperse 
aggregate.  The extent of the heterogeneity has been demonstrated by Koenders and Williams26, 
who, in order to predict correct values for the overall (continuum) permeability, show that packing 
density variation with a correlation length of some three mean diameter sizes must be accounted 
for.  
 
The consequence of a packing density variation is local fluctuations in the dielectric constant.  This 
occurs because the fluid and solids have different dielectric constants and therefore a variation in 
the porosity will lead to a commensurate variation in the dielectric constant.  A simple calculation of 
a spherical inclusion of a region with a higher dielectric constant in an average medium is carried 
out27.  The resulting equi-potential lines are shown in Figure 10.  
 
The streamlines, which are normal to the equi-potential lines, are bent in such a way that the 
inclusion attracts them.  The sign convention of the ion flux (1)

yJ  is chosen such that a positive 

value depletes the ions in the free flow and therefore (11)F  is positive, associating it with the motion 
normal to the free flow into the inclusion on the up-stream side.  The quantity (11)P  is associated 
with ions coming out of the inclusion on the downstream side and is negative (it supplies ions to 
the (f) pool.  
 
The experiments in which a peak in the ion concentration is found are described by taking 

(11) (11)P F>  at small ionic strength and (11) (11)P F≈<  at high ionic strength.  It is also seen 

(through the exercise of Figure 11) that (11)F  and (11)P  are themselves dependent on the applied 
electric field.  The fact that a change in the ζ-potential down to the isoelectric point makes little 
difference to the outcome of the experiments (see Figure 9) implies that the parameters (11)F  and 

(11)P  are largely independent of the electroosmotic effect, but instead are dominated by ionic 
migrational features.  Using some of the experimental data, this will be further explored below. 
 
Length scales are important for the problem.  The double layer thickness κ-1 depends on the ionic 
strength21.  At 0.001 M the double layer thickness is some 10 nm; this reduces (with the root of the 
ionic strength) to some 0.25 nm at 3.0 M.  The mean diameter of the cake particles (D50) is in the 
order of 340 nm.  Depending on the porosity of the cake a typical effective pore diameter exists.  
To estimate the order of magnitude of this parameter two approaches may be used.  In the first, 
geotechnical filter stability rules are invoked; these give the mean diameter of a particle that can 
just pass through a packed bed.  According to Terzaghi28 the value of the critical diameter is D15/5.  
For the particles used in this work the uniformity of the size distribution (D60/D10) is 4.2, and D15 ≈ 
140 nm, leaving a mean pore size of the order of 28 nm.  In the other approach the gap width 
between the particles is estimated29.  This estimate depends more explicitly on the solidosity and 
yields values between 10 nm to 20 nm in the solidosity range 0.4 < φ  < 0.6 (the range measured 
in the experiments was 0.43 < φ  < 0.53).  Naturally, these estimates are averages; in a packed 
bed an enormous range of values is encountered. 
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A charged ion in solution behaves as an entity with an effective diameter of the order of 2κ-1.  Thus 
it is seen that the pore diameter and the diameter of the ionic entity are of the same order of 
magnitude at the ionic strength of 0.001 M, while below 0.1 M the ionic entity diameter is well 
below the mean pore size.  The natural fluctuations in packing density together with the fact that 
the streamlines must go through the denser regions has implications for the energy of the ions.  
When the ionic entity is much smaller than the diameter of the pore, the ion has a greater mean 
free path (lower potential energy), than when it is trapped in a pore with a diameter that is of the 
same order of magnitude.  It is therefore energetically attractive for ions to escape from the denser 
regions at large double layer thicknesses.  For thin double layers the energetic gain/loss of moving 
into and out of the dense inclusion is negligible. 
 
These considerations are now be phrased in terms of a diffusion theory.  From the outset it is 
noted that this type of diffusion takes place on a meso-scale with a length scale of a few grain 
diameters.  Thermal diffusion, by contrast, takes place on the molecular scale.  Equation (8) (which 
acts as a constitutive equation for the flux into and out of the free flow) neglecting cross terms 
reads: 
 

(1) (11) (1 ) (11) (1 )f p
yJ F C P C= +        (21) 

 
The mean ion density in the vicinity of the inclusion is called C〈 〉 ; therefore (1 ) /fC C a C y= 〈 〉 + ∂ ∂  
and (1 ) /pC C a C y= 〈 〉 − ∂ ∂ .  Expanding the coefficients in equation (21) in a similar way leaves 
 

( ) ( )(1) (11) (11) (11) (11)
y

CJ F P C F P a
y

∂
= + 〈 〉 + −

∂
     (22) 

 
This constitutive equation describes the average flux in the whole region in the vicinity of the 
inclusion.  The second term on the right hand side equation (22) represents a diffusion term.  The 
diffusion coefficient is, in the usual way, proportional to the product of the mean fluctuation speed 
v〈 〉  and the mean free path λ.  The former follow from the fluctuations in the electric field in the 

vicinity of the inclusion and are themselves proportional to the mean applied electric field.  The 
local pore geometry also plays a role.  The mean free path of the ionic entities depends on the 
double layer thickness as outlined above.  
 
Noting the signs of (11)F  and (11)P  it is observed that ( )(11) (11)F P−  represents an average and that 

( )(11) (11)F P+  a first order variation.  Therefore, the latter must be proportional to a variation in 
v λ〈 〉 ; hence 

 
( )(11) (11) v λ

F P a
y

∂ 〈 〉
+ ∝

∂
       (23) 

 
As both the mean fluctuation speed and the mean free path are smaller inside the inclusion when 
the ionic entities are more impeded in their movements, it follows that ( )(11) (11) 0F P+ <  for thick 

double layers and that ( )(11) (11) 0F P+ →  when v λ〈 〉  approaches its thermal value for the case of 
the thin double layer relative to the pore diameter.  
 
The order of magnitude of the velocity is now discussed.  Following Yu and Neretniks20 three 
factors are involved.  These are: (1) the ionic migrational flux, (2) the electro-osmotic flux, and (3) 
the applied fluid pressure difference related mean flow.  Other mechanisms play a negligible role.  
Best estimates are obtained as follows: 
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(1)  Following Yu and Neretnieks20 The ionic migration flux mJ  is  
 

m D z FzJ CE
z RT

=         (24) 

 
where z is the ionic valency, D the diffusion coefficient, F the Faraday’s constant, R the gas 
constant, C the concentration and T the absolute temperature.  All the physical constant are readily 
known; for Na the valency equals unity and the diffusion coefficient is D = 1.3x10-9 m2 s-1.  The 
electric field follows simply from the applied potential divided by the cell height L (L = 0.01 m).  The 
flux is (1)

mJ v C=  and it is seen that an estimate for (1)v  is easily obtained.  
 
(2)  The electro-osmotic flux eJ  follows from Probstein and Hicks19, Hunter30 

 
e εζEJ C

μ
= −          (25) 

 
where ε is the permittivity of the fluid (ε = εrε0), ζ the zeta potential and μ the viscosity of the fluid.  
The estimate for the velocity is obtained by assuming a relative permittivity εr = 80, a zeta potential 
–ζ = 48 or 1 mV (at pH 7.8 or 5.2, 0.001 M) and –ζ = 42 mV  (at pH 7.8, 0.01 M), and a viscosity μ 
= 0.001 Pa s.   
 
(3)  The third flux is estimated from the experimental data when no electric field is applied.  
 
Using the best estimates, the flux contributions are summarised in Table 1 for some of the 
experiments that can be interpreted in this way. 
 
Note that compared to the experiments, the ratio of velocities is reproduced more or less correctly, 
but the absolute value of the theoretical calculations is roughly a factor of 5 to 10 too high.  There 
are two reasons why this is so.  The first is that in the evaluation of the field-induced velocities a 
straight path is assumed.  In reality the path is tortuous.  For regular assemblies a factor of 20.5 is 
introduced.  For irregularly packed aggregates the factor is higher.  Qualitative evidence for this is 
found in a study by Weber and Kimmich31, using NMR velocity mapping to image the flow of ions 
through a porous medium, revealing tortuous flow paths with a tortuosity that is much greater than 
20.5; values up to 5 are obtained there.  The reason that only qualitative evidence can be derived 
from this is that these measurements are done in two dimensions on a pixel medium and not on a 
three dimensional granular medium.  A further reason for the deviation of the theoretically 
predicted velocity from the experimental value is related to the problem discussed at the beginning 
of this section: the fact that the double layer extends the radius of the ionic entity to a value that 
approximates the pore size.  In other words, in a porous medium the thermal diffusion coefficient is 
not valid.  
 
 
CONCLUSIONS 
 
In this paper the effects of imposing an electric field on an otherwise conventional displacement 
washing process are analysed through a phenomenological model.  The model parameters were 
obtained through modelling experimental data. 
 
Applications of electric fields during washing of filter cakes increases the removal rate of ions from 
the cake mother liquor, and under appropriate conditions the field also increases the wash flow 
rate by electroosmosis.  From the data it can be concluded that the kinetics of ion removal from the 
cake mother liquor can be enhanced substantially by an electric field: with the downstream 
electrode acting as a cathode, cation removal rates are increased whilst the removal rate of the 
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anions is decreased.  The concentration profile of the cations with washing time shows an increase 
in concentration to a value above that of the mother liquor, before it decreases due to displacement 
by the fresh wash liquor.  The effectiveness of the applied field is dependent on the ionic 
concentration in the liquid in the pores of the cake at the start of washing, with a greater apparent 
mobility of cations being observed at lower solution molarity. 
 
A model is formulated that describes the advection, dispersion, ion migration and electroosmosis 
transport processes in the cake.  Numerical solution of the model gives cation concentration 
profiles at the exit of the cake that are in qualitative agreement with the experimental observations.  
Experimentally measured wash liquor flow rates tend to be lower than what traditional colloid 
science principles predict by a factor of 5 to 10: reasons for this difference, supported by 
experimental work from other researchers, are attributed to the tortuosity of the pores in the cake 
and to the fact that the extent of the double layer of the ion extends to the order of magnitude of 
the pore size.. 
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NOTATION 
 
a  internal length scale (m) 

( )A •  ionic migrational mass flux coefficient 
C concentration of ions (kg m-3) 
C0 initial ion concentration (kg m-3) 

(1 )fC  concentration of ions of type 1 that move more or less freely with either the main fluid flow 
or the electrically generated ionic current (kg m-3) 

(1 )pC  concentration of ions of type 1 trapped in the pores (kg m-3) 
nD  diameter of particles such that n% of the aggregate (by weight) has size less than Dn (m) 

E magnitude of the electric field (V m-1) 
F Faraday’s constant (C mol-1) 

( )F ••  coefficient representative of the influx of ions into the pores (m s-1) 
( )iJ  mass flux vector, superscript change for the various type of ions (kg m-2 s-1) 

Jm ionic migration flux (kg m-2 s-1) 
L thickness of the filter cake (m) 
Δpf  filtration pressure (Pa)  
Δpw  washing pressure (Pa)  

( )P ••  coefficient representative of the out-flux of ions from the pores (m s-1) 
R universal gas constant (J mol-1 K-1) 
T absolute temperature (K) 

1( f)v  velocity of the ions relative to the mean fluid velocity in the x-direction (for ‘free’ ions of type 
1) (m s-1) 

v〈 〉  mean fluctuation speed (m s-1) 
 
λ Length of the mean free path (m) 
μ Viscosity of the fluid (Pa s) 
φ  Solidosity  
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APPENDIX A: SOLUTION OF EQUATIONS (10)-(18) FOR SHORT TIMES 
 
To solve equations (10)-(18) a Laplace transform is employed to deal with the temporal part of the 
equations.  The transform is denoted by a^ and the Laplace frequency is called s.  The resulting 
spatial differential equation set is solve by setting 
 

(1 ) (1 ) ( ) (1 )
0

ˆ ˆ ˆ( )f f λ s x fC x C e c= +        (A1) 
 

(2 ) (2 ) ( ) (2 )
0

ˆ ˆ ˆ( )f f λ s x fC x C e c= +        (A2) 
 

(1 ) (1 ) ( ) (1 )
0

ˆ ˆ ˆ( )p p λ s x pC x C e c= +        (A3) 
 

(2 ) (2 ) ( ) (2 )
0

ˆ ˆ ˆ( )p p λ s x pC x C e c= +        (A4) 
 
To solve the coefficients ( )ĉ •• , ( )

0Ĉ ••  and ( )λ s  a symbolic manipulation package DERIVE is 
employed.  The solution to the equations is now obtained assuming that the cross terms (12)F , 

(21)P , (21)F  and (12)P  are negligible (including these makes the solution rather complex to write 
down).  The solution for (1 )ˆ ( , )fC x s  is 
 

( )
( ) ( )

(11)
0(1 ) ( )
(11) (11)

2ˆ ( , ) 1f λ s x
C as P

C x s e
s F P as

−
= −

− +
     (A5) 

 

where 
( )

( )
(11) (11)

(1) (11)
( )

s F P as
λ s

A E P as

− +
=

−
      (A6) 

 
The value of (1)A E  is positive for the ions of species (1).  The inverse transform is somewhat 
complex.  The behaviour for small times is instructive, however, and is evaluated at the exit point of 
the flow x = L.  The regime t → 0 corresponds to s → ∞.  Now, ( )(1)( ) /λ s s A E→ − , so that 

exp( ) 0λL → .  For s large but not infinite the form 1 exp( ( ) )s λ s L−  has the inverse transform, which 
is the step function ( )(1)/( )u t L A E− , indicating that the supply of ions is cut off for times greater 

than ( )(1)/L A E .  This point roughly coincides with the peak, if there is one, in the output of the ion 
concentration as a function of time. 
 
For short times (large values of s) the solution may be expanded as follows 
 

( ) ( ) ( )(11) (11) (11) (11) (11) (11)
0 0(1 ) 0

2 3 2
ˆ ( , ) ...f

C F P C F P F PC
C L s

s s a s a

+ + −
= − + +   (A7) 

 
In the time domain this behaves as 
 

( ) ( ) ( )(11) (11) (11) (11) (11) (11)
0 0(1 ) 2

0 2( , ) ...f
C F P C F P F P

C L t C t t
a a

+ + −
= − + +  (A8) 

 
 
APPENDIX B: NUMERICAL SOLUTION OF EQUATIONS (10)-(18) 
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As the analytical approach obviously has some limitations, the differential equation is solved by a 
numerical method.  Only one type of ion will be taken into account during this simulation.  Equation 
(1) reads 
 

(1)(1)(1 )

0
f

yx
JJC

t x a
∂∂

+ + =
∂ ∂

       (B1) 

 
In order to do the numerical analysis each term of equation (B1) the differentiations are replaced 
by finite differences  
 

( ) ( )(1 ) (1 )(1 ) , Δ ,
Δ

f ff C t x C t t xC
t t

− −∂
=

∂
      (B2) 

 
The purpose of the numerical analysis is to find the value of ( )(1 ) ,fC t x . 
 
Because a numerical approach is used here, another factor can be added by way of refinement of 
the physical model.  The dispersive flux of a species of ion at a concentration gradient is expressed 
by Fick’s law, the second term of (B1), (1)

xJ x∂ ∂ , can therefore be rearranged as: 
 

(1 )
(1) (1 )

(1)

f
f

x

CA EC D
xJ

x x

⎛ ⎞∂
∂ −⎜ ⎟∂∂ ⎝ ⎠=

∂ ∂
      (B3) 

 
With (1)A E  the velocity of the ions and (1 )fD C x∂ ∂  the Fick’s law element, D being the Fick’s law 
diffusion coefficient.  
 

( ) ( ) ( )(1 ) (1 )(1) 2 (1 )
1

2

Δ , Δ Δ ,
Δ

f f f
x C t t x x C t t xJ CA E D
x x x

− + − −∂ ∂
= −

∂ ∂
   (B4) 

 
To calculate 2 (1 ) 2fD C x∂ ∂  a curve fitting method over three points is used, if the three points 
considered are at x, x + Δx and x + 2Δx, then 2 (1 ) 2fD C x∂ ∂  simplifies to 

( ) ( ) ( )(1 ) (1 ) (1 )Δ , 2 Δ , Δ Δ , 2Δf f fC t t x C t t x x C t t x x− − − + + − + , (1)
xJ x∂ ∂  then becomes: 

 
( ) ( ) ( )

( ) ( ) ( )( )

(1 ) (1 )(1)
1

(1 ) (1 ) (1 )

Δ , Δ Δ ,
Δ

Δ , 2 Δ , Δ Δ , 2Δ

f f
x

f f f

C t t x x C t t xJ A E
x x

C t t x C t t x x C t t x x

− + − −∂
=

∂
− − − − + + − +

 (B5) 

 
The ion flux in the y-direction is described as follows: 
 

( ) ( ) ( ) ( )11 11(1) (1 ) (1 )Δ , Δ Δ , Δp f
yJ P C t t x x F C t t x x
a a

− + + − +
=    (B6) 

 
Two parameters are still to be chosen: Δx and Δt.  Following Carslaw and Jaeger32 numerical 
stability is ensured when the time step is chosen such that ( )2Δ Δ 0.5D t x ≤ .  For reasonable 
spatial resolution Δ 30x L= . 
 
Knowing the various parameters at t – Δt the value of ( )(1 ) , 1fC t x +  can be calculated. 
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FIGURES AND TABLES 
 
 

 
 
Figure 1: Schematic diagram of the experimental apparatus with the electrode polarity shown in the 

normal configuration. 
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Figure 2: Zeta-potential of TiO2 (rutile) in aqueous solutions, pH adjusted with either HNO3 or 
NaOH. 

 
 

 
 
Figure 3: Variations of C/C0 (Na+) and in the wash liquor with time (t) and applied voltage (pH 7.8, 

10-3 M NaNO3, Δpw = Δpf = 400 kPa).  The area under the curve, which corresponds to the quantity 
of ions removed, is the time for each experiment.  However, this can only be seen when a longer 

period if time is considered. 
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Figure 4: Variations of C/C0 (NO3
-) in the wash liquor with time (t) and applied voltage (pH 7.8, 10-3 

M NaNO3, Δpw = Δpf = 400 kPa).  The area under the curve, which corresponds to the quantity of 
ions removed, is the time for each experiment.  However, this can only be seen when a longer 

period if time is considered. 
 
 

 
 

Figure 5: Variations of C/C0 (Na+) in the wash liquor with wash ratio (W) and ionic strength (10 mm 
cake, pH 7.4, 20 V, Δpw = Δpf = 100 kPa). 
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Figure 6: Variations of C/C0 (NO3
-) in the wash liquor with wash ratio (W) and ionic strength (10 

mm cake, pH 7.4, 20 V, Δpw = Δpf = 100 kPa). 
 
 

 
 

Figure 7: The modelling concept. 
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Figure 8: Location of the peak in the washing curve for pH 7.8. 
 
 
 

 
 

Figure 9: Concentration gradient as calculated by a numerical simulation for three sets of values 
for (11)P  and (11)F ; A: (11) / 0.003P a = − s-1, (11) / 0.002F a =  s-1; B: (11) / 0.003P a = −  s-1, 

(11) / 0.003F a =  s-1; C: (11) / 0.002P a = −  s-1, (11) / 0.003F a =  s-1. 
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Figure 10: Concentration gradient as calculated by a numerical simulation for two sets of values for 
the velocity, ionic velocity for A is 3x10-5 m s-1 and 2x10-5 for D.  (11)P  and (11)F  are similar for both 

curves (11) / 0.003P a = −  s-1, (11) / 0.002F a =  s-1. 
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Figure 11: Equipotential lines for a spherical inclusion of different dielectric constant embedded in 
an otherwise homogeneous medium.  The inclusion has diameter equal to 2 and the ratio of the 

dielectric constant in the inclusion to the dielectric constant in the rest of the medium is 2. 
 
 
 
 
 
 Velocity x10-4 m s-1 
pH, applied pressure, 
molarity 

Ion migration 
velocity (1)v  

Electroosmotic 
velocity (2)v  

Velocity due to 
applied pressure 

(no field) (3)v  

Measured velocity 
from peak ( )mv  

7.8, 400 kPa, 10-3 M 1.0 0.6 0.08 0.3 
5.2, 100 kPa, 10-3 M 1.0 0.01 0.08* 0.18* 
7.8, 400 kPa, 10-2 M 1.0 0.5 0.08 0.26 

*Close to the IEP the cake porosity is reduced to an extent dependent on the magnitude of the 
electric field. 

 
Table 1: Contributions to the overall flux from ion migration, electroosmosis and applied pressure 

at 20 V at different pH, applied washing pressure and mother liquor concentration. 


